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APPROXIMATE SUBDIFFERENTIALS AND APPLICATIONS. I
THE FINITE DIMENSIONAL THEORY
BY
A. D. IOFFE

ABSTRACT. We introduce and study a new class of subdifferentials associated with
arbitrary functions. Among the questions considered are: connection with other
derivative-like objects (e.g. derivatives, convex subdifferentials, generalized gradients
of Clarke and derivate containers of Warga), calculus of approximate subdifferen-
tials and applications to analysis of set-valued maps and to optimization.

It turns out that approximate subdifferentials are minimal (as sets) among other
conceivable subdifferentials satisfying some natural requirements. This shows that
certain results involving approximate subdifferentials are the best possible and, at
the same time, marks certain limitations of nonsmooth analysis. Another important
property of approximate subdifferentials is that, being essentially nonconvex, they
admit a rich calculus that covers the calculus of convex subdifferentials and leads to
more precise and sometimes new results for generalized gradients of Clarke.

Introduction. The concept of a subdifferential is usually associated with convex
functions for which, to a large extent, subdifferentials proved to be one of the most
useful and porweful instruments responsible for the success of convex analysis in the
1960’s [17]. Many of the good properties of convex subdifferentials were inherited by
generalized gradients introduced by Clarke [3] for lower semicontinuous functions
on Banach spaces. Rockafellar gave an alternative definition which applies to
arbitrary functions on arbitrary locally convex spaces [19].

Here we study another class of objects called approximate subdifferentials denoted
by 0, f(x). They appeared for the first time in a finite dimensional situation as
by-products of certain approximative optimization techniques developed by
Mordukhovich [14]. Some subsequent attempts to extend the definition to a more
general situation were successful only for Banach spaces with an equivalent Gateaux
[7] or Fréchet [12] differentiable norm. A new definition that applies in arbitrary
locally convex spaces was offered by Ioffe in [8] where many nice analytic properties
of approximate subdifferentials were first announced. An infinite dimensional
theory of approximate subdifferentials will be considered in the second (“General
theory”) and the third (“Banach theory”, which is especially rich) parts of the paper
approximately corresponding respectively to the first announcement [8] and the first
version of the paper mimeographically distributed as [10]. Here we present the first
part where all spaces are assumed finite dimensional.

There have been two reasons to consider the finite dimensional case separately.
On the one hand, definitions and proofs are much simpler in this case and many
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technical complications do not even appear. On the other hand, we can prove
stronger results if the dimension is finite. The situation is approximately as in convex
analysis where certain finite dimensional theorems are valid under assumptions on
relative interiors while corresponding general results require assumptions on inter-
iors.

Here is the contents supplied with short comments.

§1. The definition.

§2. Geometric characterizations. (Approximate subdifferentials are defined in a
pure analytic fashion as, in a sense, upper limits of so-called Dini subdifferentials (or
semidifferentials) [9, 16]. The definition applies to arbitrary functions. With ap-
proximate subdifferentials in hand, we define the approximate normal cone (to a set)
as the approximate subdifferential of the indicator function of the set. For a closed
set this cone coincides with the normal cone introduced by Mordukhovich [14] and
also with the closed cone generated by the approximate subdifferential of the
distance function to the set.)

§3. Connection with other derivative-like objects. (We show that for a convex
(strictly differentiable) function the approximate subdifferential coincides with the
usual convex subdifferential (resp. with the derivative). Thus, approximate subdif-
ferentials as well as Clarke’s generalized gradients (henceforth we abbreviate them
C.g.g. and denote them by d,f(x)) extend convex subdifferentials to arbitrary
functions. But the appearances of the two are very different because 9. f(x) is always
a convex set while 9, f(x) is typically nonconvex. The general relationship between
approximate subdifferentials and C.g.g’s in the finite dimensional case is defined by
the fact that Clarke’s normal cone is always the convex closure of the corresponding
approximate normal cone. In particular d, f(x) is always smaller than 9, f(x). If f is
Lipschitz near x, then the latter is the convex hull of the first.

We also show that d, f(x) is smaller than any Warga’s derivate container of f at x
[20]. This result is essentially due to Kruger and Mordukhovich who proved it under
somewhat stronger assumptions.)

§4. Approximate subdifferentials of a sum,

§5. Approximate coderivatives and approximate subdifferentials of a composition.
(These two sections are central: they contain the calculus of approximate subdif-
ferentials including formulae for sums, compositions, upper and lower bounds. The
collection of such formulae for approximate subdifferentials is even richer than for
C.g.g’s. (Certain formulae for composition and the formula for lower bounds do not
have analogues for C.g.g’s.) Moreover, in certain cases we prove, as corollaries, new
or stronger results on C.g.g.’s. For instance, we show (Corollary 4.4) that the
inclusion

(0.1) 3L fi + £)(x) C3,fix) + 3. fox)

(which is the cornerstone of the calculus of C.g.g’s) is valid without the assumption
that one of the functions is directionally Lipschitz (cf. [18]). The assumption
disappears also from other theorems of calculus of C.g.g.
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It is appropriate to mention that all main theorems of calculus of convex
subdifferentials [17] follow from corresponding results for approximate subdifferen-
tials collected in §§4 and 5.

The fact that approximate subdifferentials, so heavily nonconvex, admit a devel-
oped calculus must be surprising for anyone experienced in convex and nonsmooth
analyses. Indeed, known proofs (say, of (0.1)) would not work without convexity. In
the theory of approximate subdifferentials the convexity technique does not play a
dominating role although it remains an important part of the machinery. What
becomes principal is a version of a penalty function method. All necessary technical
lemmas will be proved here to make the paper self-contained.

In the second part of the paper we shall axiomatize the techniques by introducing
a class of Banach spaces having some good subdifferentiability properties. We refer
to [11] where such spaces are specially studied mainly in connection with Asplund
and weak Asplund spaces.)

§6. Application to surjection and stability theorems.

§7. Application to optimization problems.

(These two sections have been added to demonstrate how the techniques of ap-
proximate subdifferentials work. However, the results presented (surjection and
stability theorems of §6 and a Lagrange multiplier rule of §7) are new and seem to
be the strongest results of such sort.)

§8. Minimality properties. (This is a short section in which we prove that d, f(x) is
smaller than any other “subdifferential” df(x) having one or another collection of
reasonably good (and, in fact, natural) properties. For instance, each of the collec-
tions includes the requirement that
(0.2) 0 €9f(x)

if f attains a local minimum at x, a form of upper semicontinuity property and
embrionic calculus requirements.

There are two major implications of the minimality properties. On the one hand,
we may be sure that in applications connected with (0.2) (say, those considered in
§86 and 7) approximate subdifferentials provide for the best possible results. On the
other hand, we shall see that even these best results are, in certain respects, still not
as good as their smooth counterparts. Therefore the minimality theorem actually
establishes some natural limitations of nonsmooth optimization and nonsmooth
analysis in general.)

By X, Y, Z we denote spaces (all finite dimensional) and by X*, Y*, Z* their
duals. It will be convenient for us to discriminate between a space and its dual. If the
space is Euclidean we identify X and X* as sets but retain the notation x* when x*
plays a role of a linear functional. By B we denote the unit ball, by (x*, x) the
pairing between X* and X (or the inner product if the space is Euclidean) and by
K% = {x*|(x* x)<0 Vx € K} the polar of K; the bar always means the closure
and conv 4 is the convex closure of 4.

We use the notation df(x) only for convex subdifferentials (except in the last
section) while Clarke’s generalized gradients and normal cones are denoted by
9, f(x) and NS, x) respectively.
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1. The definition. Let f be a function on X such that | f(x)|< co. We set
df(x; h) =liminfr'( f(x + ) — f(x)),
<0
3f(x) = {x* € X*| (x*, hy<df(x; h),Vh}.

The function h — d “f(x; h) is called the (lower) Dini directional derivative of f at x
and the set 3 f(x) the Dini subdifferential of f at x (see [9, 16] for more details).

If | f(x)|= oo, weset 0 °f(x) = O.

We set further

U(f. 2.8) = {x|lx — 2 < 8, (x) — f(2)| < 8}.
DEFINITION 1. Let |f(z)|< §. The set

0,f(z)= U  3f(x)= limsup 37f(x)

>0 x€eU(f.z.8) x—z
v S(x)=f(2)

will be called the approximate subdifferential of f at x.

If|f(z)|= oo, wesetd, f(z) = O.

If fis continuous at z, the condition x € U( f, z, §) may be replaced by ||x — z|| < §
(with an arbitrary norm || - ||) and the condition f(x) — f(z) may be excluded from
under the sign of upper limit. We note also that for a Lipschitz f

df(x; h) = Iil{llionft"(f(x + th) — f(x)).

As immediately follows from the definition, approximate subdifferentials have the
following upper semicontinuity property:

(1.1) 3,f(z) = limsup 3, f(x).
FOO—f2)

Of course, d, f(z) is always a closed set. It is easy to see that

(1.2) 9,f(z) # @ if fis Lipschitz near z

and, moreover, 9, f(z) belongs to the k-ball about the origin if k is a Lipschitz
constant of f near z. Indeed, in this case d f(x; h) < k||h|| and all 9 f(x) are
contained in the ball.

2. Geometric characterizations.

DEFINITION 2. Let S C X, z € S, and let §(S, x) denote the indicator function of
S, that is, the one equal to 0 on S and to + oo outside of S. The set N (S, z) =
9,6(S, z) (which is obviously a cone) will be called the approximate normal cone to S
at z.

A more detailed description of the approximate normal cone would incorporate
the notion of contingent cone. It is easy to see that d~8(s, x; h) may assume only
two values, 0 and oo, and d8(S, x; h) = 0 if and only if there are sequences u, — A,
t,\0 such that x + r,u, € S. The collection of all » having this property is called
the contingent cone to S at x [1]. This is by definition the set

T(S,x) =limsupr (S —x)= () U r'(§—x).

~NO >0 0<r<it
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Thus, d “8(S, x; h) is the indicator function of T(S, x):
d=8(S, x; h) =8(T(S, x), h)

so that 378(S, x) = T°(S, x) is the polar of T(S, x). Thus, we have proved the
following result.

PROPOSITION 1.
(2.1) NS, z) = limsup T°(S, x).

X—z
It is possible to reverse definitions and express approximate subdifferentials in
terms of approximate normal cones (to the epigraph) as it is often done for
subdifferentials of different types.

PROPOSITION 2. Denote by
epi f={(a,x)|a=f(x)} CRX X
the epigraph of f. If | f(z) |< oo, then
8,f(2) = {x*| (=1, x*) € N(epi f,(f(2), 2))}.

PROOF. It is easy to see that the contingent cone to epi f at ( f(x), x) consists (if
|f(x)|< ) of those (a, h) for which a = df(x; h). It follows that the inclusion
(-1, x*) € T %epi f,(f(x), x)) is equivalent to the inequality (x*, h)<a for all
(a, h) such that a = d“f(x; h) which, in turn, is the same as x* € 97f(x). It is an
elementary exercise on properties of upper limits to deduce from here that (-1, x*)
€ N,(epi f,(f(2), 2)) if and only if x* € 9, f(2).

We shall give two more representations to approximate normal cones, one rather

more analytic and the other purely geometrical. Let us fix a norm in X, and let p
denote the corresponding distance function. We set (z € S)

N2(S, 2) = U Ng,n(S, 7).

A>0

PROPOSITION 3. The set Nf(S, z) does not depend on p. In other words, if p, p’ are

two different distance functions on X (corresponding to different norms on X), then
NP(S, z) = NP(S, z).

ProOF. We note first that p(S, z) = p(S, z) so that S may be assumed closed. If
x & S,u € Sand|x — ul| = p(S, x), then
p(S,x+h)<|x—u|+ po(S,u+h).

Therefore d "p(S, x; h) < d p(S, u; h) which implies together with (1.1) (and the
remark following Definition 1) that

(2.2) 9,0(S, z) = limsupdp(S, x).
xes
If || - ||’ is another norm on X and p’ is the corresponding distance function, then

there are K = k > 0 such that k||x|| <||x||' < K||x]||. It follows that kd "p(S, x; h) <
d=p'(S, x; h) < Kdp(S, x; h) for all hif x € S (because p(S, x) = p'(S, x) = 0 for
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such x). Together with (2.2) this implies that
kd,p(S,z) Ca,p'(S,z) C Kd,p(S,z)

and the desired equality follows.

One of the implications of Proposition 3 is that the theory we are going to present
does not depend on the specific metric structure of X. In particular from now on, we
assume X to be a Euclidean space; as to p, it will always denote the Euclidean metric.

Let S be a closed subset of X and x € S. A vector x* is said to be a proximate
normal to S at x if there are ¥ € S and A >0 such that x* = A(u — x) and
lu — x|l = p(S, u). Denote by N,(S, x) the collection of all proximate normals to S
at x. We set

N, (S, z) = limsup N,(S, x).
N

This is just the normal cone introduced by Mordukhovich [14].

THEOREM 1.Let S C X be a closed set and z € S. Then N£(S, z) = N, (S, z) =
NS, 2).

Before proving the theorem we shall establish a simple but an important property
of Dini subdifferentials.

LemMMA 1. If 0 € 07f(z), then for any € > 0 the function f(x) + ¢||x — z|| attains a
strict local minimum at z.

PROOF. Assume the contrary: there are ¢ >0 and a sequence x, — z such that
f(x,) + ¢€lx, — z|| < f(z). Setting ¢, = ||x, — z|, u, = (x, — z)/t, and assuming
(with no loss of generality since ||u, || = 1) that the sequence u, converges to some A,
[|A]| = 1, we conclude that

df(z; k) <liminfe'(f(x + 1,u,) — f(z))
= liminf#;'( f(x,) — f(2)) < -

in contradiction with the assumption that 0 € 97f(z).

PROOF OF THEOREM 1. It is obvious that Ap(S, x) < 8(S, x) for all x and A > 0.
Therefore Ad p(S, x; h) <d 8(S,x; h) (if x€S) and as follows from (2.2),
NP(S, 2) C NS, 2).

Let x* € N(S, z), ||x*| = 1. Then for any ¢ >0 there are x € S and u* €
978(S, x) such that ||x — z|]| <e¢, ||lu* — x*| < eand |ju*| = 1. By Lemma 1
(2.3) 8(S,u) — (u*,u—x)+ellu—x||>0
for all u € S that are sufficiently close to x. We set v, = x + Au*, and take u, € S
such that ||v, — u,|| = p(S, v,). Then u, — x as A — 0. Let A be such that ||u, — x||

< ¢ and (2.3) is valid if we substitute u, for u. Since |luy — v,]| <||x — v,]| = A, we
have

N = (uy — oy, uy — 03 )= ((uy — x) — Au*, (uy — x) — Au*)
=|lu, — xHZ —2A{u* uy — x)+ A
Together with (2.3) this gives |ju, — x|| < 2eA.
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The vector v* = (v, — u,)/A belongs to N,(S, u,) by definition. On the other
hand

Allo* = w*l[=lloy = uy = Au*|| = lx — uy[| < 2eA

so that ||o* — x*|| < 3e. Applying the definition of the Mordukhovich normal cone,
we conclude that x* € N, (S, z). Thus, N (S, z) C N,(S, 2).

Finally, let x* € N(S, x), ||x*| = 1. Then x* = A(u — x) for some A >0 and
u & S such that |ju — x|| = p(S, u). We shall show that x* € 3 p(S, x) which will
imply the last inclusion we need, N, (S, z) C NA(S, z).

Fix an & € X and let x, € S (¢ > 0) be such that ||x, — (x + th)|| = p(S, x + th).
Then x, = x + ty, for some y, such that || y,|| < 2||A||. (Indeed, ||x, — x|| <||x, — (x +
th)|| + ||th|| = t)|h]l + p(S, x + th) < 21||h||.) The equality

2 2 2
“x +y, - u” = <x toy,—u,x+iy— u>:||x - u” - 21(“ - X, yt>+ 12“)),”

2 T
=lx = ull” = Qe/A)(x*, )+ ¥y
shows that lim sup,. o (x*, y,)< 0. (Otherwise x + ty, would be closer to u than x

for small ¢.)
Therefore (recall that || x*|| = 1)

dp(S, x; h) =liminf:~'o(S, x + th) = liminfs~'||x + th — (x + 1)
tNO tNO

= liminf (x*, h—y, )= (x*, h)
N0

and the proof has been completed.

3. Connection with other derivative-like objects. The following proposition is very
easy to prove.

PROPOSITION 4. Assume that f is strictly differentiable at z, that is, there is x* such
that

limsups™'|f(x + th) — f(x) — t{x*, h)|= 0.

NO

Then 3, f(z) = {x*}.

PROPOSITION 5. Let f be a convex function. Then
9,f(z) =0df(z) = {x* [f(x) = f(z) = (x*,x—z), Vx}

is the subdifferential of f at z in the sense of convex analysis.

PrOOF. If x* € 3f(z), then, obviously, (x* h)<d f(z; h) for all h so that
x* € 97f(z) C9,f(2).

Conversely, let x* € 0, f(z) which means that there are sequences {x,} and {x})}
such that x, - z, f(x,) - f(z), x} € 3°f(x,) and x} — x*.

It is obvious that x* € df(x,,) (since the lower directional derivative is not greater
than the directional derivative). In other words, f(x) — f(x,) = (x}, x — x,) for all
x and n. Therefore f(x) — f(z) = (x*, x — z) forall x. Q.E.D.
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There are several ways to show that approximate subdifferentials are not larger
than corresponding Clarke’s generalized gradients. This will follow, for instance,
from the minimality properties to be established in §8. Here we shall use a more
direct approach which is of an independent interest.

Recall that Clarke’s tangent cone to S at z € S is defined as follows:

T.(S, z) = liminfz (S — x).

xES
tNO

In other words, h € T (S, z) if and only if for any sequence {x,} C S converging to
z there are t,\ 0 and u,, — h such that x, + ¢,u, € S for all n.

The following well-known formula (see [1]) reveals the basic connection between
contingent and Clarke’s tangent cones (to a closed set):

(3.1) T.(S, z) = liminf T(S, x) = liminf conv 7(S, x),
es xes

where conv stands for closed convex hull.

We recall further that Clarke’s normal cone is defined as the polar of T,(S, z),
N(S, z) = T%(S, z), and Clarke’s generalized gradient of a function f at z (if
|f(z)|< o0)is

3. f(z) = {x*| (-1, x*) € Nepi £, (f(2), 2))}.

The support function of 9.f(z) has been found by Rockafellar [19] in the

following form (in the case when f is lower semicontinuous):

d'f(z; h) =sup limsup inf ¢7'(f(x + th) — f(x)).
e>0 xX—z [lu—h||<e
f(x)=f(2)
NO
(We have slightly changed Rockafellar’s original notation to adjust it to the accepted
style here.)
PROPOSITION 6. Let f be l.s.c. at z. Then

d'f(z; h) =sup limsup inf d7f(x;u).
>0 xX—z llu—hii<e
f(xX)=f(2)

PrOOF. If (a,, x,,) € epi fand a, = f(2), x,, — z, then f(x,) = f(z) since fis Ls.c.
On the other hand, for (a, x) € epi f

T(epi f, (@, x)) D T(epi £, (f(x), x))
(provided, of course, that | f(x)|< o). According to (3.1), it follows that
T(epi f,(/(2), 2)) = liminf T(epi f,(f(x), x))-
S 1(z2)
By definition
T(epi f,(/(2), 2)) = {(a, h) |a = d' f(z; h))
and (see the proof of Proposition 2)

T(epi f, (f(x), x)) = {(a, h) |« =df(x; h)}.
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Thus a = d' f(z; h) if and only if for any sequence {x,} such that x, — z, f(x,) —
f(z), there are sequences a, — a and h, — h such that a, =d f(x,; h,). This
amounts to saying that for any ¢ > 0

a + ¢ = limsup ( inf d7f(x,; u)).
k— o0 ““_h”<5
This is true for any sequence {x,} such that x, — z, f(x,) — f(z). Therefore
a =d' f(z; h) if and only if for any ¢ > 0

a + &= limsup ( inf d7f(x; u))
xoz  Clu—hli<e
fx)=f(2)
which yields the desired equality.
The inclusion 3, f(z) C 9,f(z) is a corollary of the proposition (though not
absolutely trivial). The following lemma communicated to me by Aubin and Wets
offers another way to prove the inclusion.

LEMMA 2 (AUBIN AND WETS). Let T, be a sequence of closed convex cones in X.
Then conv(limsup 7,°) = (liminf 7,)°.

PrOOF. If x* € limsupT,’and x € liminf 7,, then (by definition) there are
x, € T,, a sequence {n,} of indices and x; € T,,‘i such that x =lim x, and
x* = lim x,, . Therefore (x*, x)= lim(x} , x, )< 0 so that x* € (liminf T,)°. This

proves that the left side of the equality belongs to the right one.
To prove the inverse inequality we shall show that

(limsup 7,)° C liminf T,.
Let x be such that {x*, x)< 0 for all x* € limsup T,°, and let x, be the orthogonal
projection of x onto 7. Then ||x,|| <||x|| (since T}, is a cone), x* = x — x, € T.? and
(x*, x,)= 0 (since T, is a convex cone). Let {x,,} be a converging subsequence of

{x,} and u the limit of the subsequence. Then u* = x — u belongs to lim sup 7, so
that (u*, x )< 0. On the other hand, the equality

”x:k" = <x:k’ x x"k > = <x:k’ x>
implies that ||u*|| = (u*, x)= 0. Thus u* = x — u = 0 and we conclude that any
converging subsequences of {x,} converges to x. This means that x = lim x, and
hence x € liminf T,,.
We note that the lemma is no longer true in the infinite dimensional case (though
the inclusion conv(limsup 7,°) C (liminf 7,,)° is always true).

THEOREM 2. For any closed S C X and any z € S, we have

NS, z) = conv N,(S, z) = conv ( limsup 7°(S, x))
X—2Z
xES

For any l.s.c. function f and any z such that |f(z)|< oo we have 9, f(z) C 9,f(z), and
0.f(z) # @ =9,f(z) # 2. If, in addition, f is Lipschitz near z, then conv 9, f(z) =
3. f(2).
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PRrROOF. The first equality follows at once from Proposition 1, Lemma 2 and (3.1).
The inclusion 9, f(z) C 9,f(z) is an immediate consequence of the equality, as well
as the second part of the second statement (see Proposition 2).

So let us assume that f is Lipschitz near z with constant & > 0. Then the set
{(a, h)|a = k||h||} belongs to Clarke’s tangent cone to epi f at ( f(z), z). It is an
easy matter to derive from here that B = ||x*|/k when (-8, x*) €
N(epi f,( f(x), x)).

Let x* € 0, f(z). Then (-1, x*) € Nepi f,(f(z), z)) and (by a famous theorem
of Carathéodory) there are (-8, u¥) € N, (epi f,(f(z),2)), i = 1,...,r <dim X,
such that 8, = 1 and I u¥ = x*. We may assume that all B, are positive (because
u* =0 if B, =0). Then x} = u}/B, €9, f(z) by Proposition 2 and x* = I B,x*.
Q.E.D.

It is very easy to make up an example to show that the convex closure of 9, f(z)
can be smaller than 9, f(z) and that 9, f(z) need not be convex even in the Lipschitz
case.

For instance, let us consider the following functions of one variable:

(x) = 0, if x =0,
F) =107 irx<o.

Then 9, f(0) = {0} while 9,f(0) = (-00,0]. On the other hand, for the function
f(x) = - x| we have 3, f(0) = {1,-1}, 3.f(0) = [-1,1]. The last example can be
generalized in the following way.

PROPOSITION 7. Let f be a concave continuous function. Then

d,f(z) = lim S}lp{ v(x)}.

(Here, as usual, Vf(x) denotes the gradient of f at x. We note that a concave
continuous function is almost everywhere differentiable due to a theorem of Rade-

macher.)
PROOF. A concave continuous function is locally Lipschitz and directionally

derivable at every point. Therefore d "f(x; h) coincides with the directional deriva-
tive of f at x. This is a concave function of 4 and the inequality d “f(x; h) = (x* h)
may be valid for all 4 if and only if d°f(x; k) is linear as a function of 4 in which
case 97 f(x) is a singleton. In other words, 37f(x) # & if and only if f is (Gateaux)
differentiable at x and in this case 37f(x) = { Vf(x)}.

The last theorem to be proved in this section implies a comparison theorem
approximate subdifferentials and derivate containers of Warga [20].

THEOREM 3. Let { f,(x))} be a sequence of C*-functions uniformly converging to f(x)
on a neighborhood of z. Then

3,f(z) Climsup {vf,(x)}.

X—CZ
n—oc
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PROOF. Denote by W the set in the right-hand side of the inclusion

w=N N U {Vha(x)}.
n=1 6>0 m=n
lIx—zl|<8

Take an x* & W. We have to prove that x* & 9, f(z). We choose § > 0, ¢ > 0 and n
such that { f, } converge uniformly on the 8-ball around z and

(32) Ie* = vh(x)=e iftm=>n,|x—z<8s

(which is possible since x* & W). Let m = n and |ju — z|| < /2 and consider the
differential equation

po X))
llx* = V4 (x)I
Then ¢,,(x) is a C'-mapping into X defined on the 8 /2-ball about u and ||,,(x)|| = 1

thereon. It follows that (3.3) has a unique solution x,,(¢) defined at least on [0, § /2]
and satisfying the inequality

(3.3) oa(x),  x(0) =u.

(3.4) [x.(t) —u|<t forte]l0,8/2].
We have (using (3.2) and (3.4))
(3.5)

(X)) = f(10) = (x*, x,,(1) = u)ZfO' (Vhul (7)) = x*, 2,(7)) dr

= _j(‘)’ “x* - me(xm('r))”d'r < -t < —¢||x,,(¢) — ul.

The sequence {x,,(-)} is precompact in the space of continuous maps from [0, /2]
into X (because || xX,,(¢)|| = 1) and, taking, if necessary, a subsequence, we may view
the sequence as converging uniformly to some x(-). For the latter the following
inequality immediately results from (3.5):

f(x(0)) = f(u) = (x*, x(2) =)< —er < —ellx(¢) — u].

The left inequality in (3.6) shows that x(¢) # u for all 1 € (0,6/2]. Therefore
x(1) = u + A(2)v(2), where A(2) = ||x(¢) —u|| > 0 as t - 0 and ||o(2)|| = 1. It fol-
lows that there are sequences 7, — 0 and A, — 0 such that v, = v(z,) converge to
some A, ||h|| = 1 and A, = A(z,). Then (3.6) implies the inequality

df(u; h) <likminf>\'k‘(f(u + A0,) — f(u))

= ligirolf (f(x(20)) = f(u))/llx(2) = ul| < (x*, h)—e

showing that the distance from x* to 0 °f(u) is not less than e. This is true for any u
of a neighborhood of z so that x* cannot belong to 9, f(2).

4. Approximate subdifferentials of a sum. In this section we prove the following

THEOREM 4. Let the functions f, and f, be lower semicontinuous near z and such that
(4.1) dom(d'f,(z; -)) — dom(d'f,(z; ) = X.
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Then
(4.2) 9, (fi + £)(2) €9, fi(2) + 9, £(2).
This is the first theorem of calculus of approximate subdifferentials. As in certain

other theories (e.g. convex analysis or analysis of C.g.g.’s), this result will be most

instrumental both in theory and applications.
We begin the proof with the following important lemma which is a particular case

of a more general result proved in [10].
LEMMA 3. If the functions f, and f, are lower semicontinuous near z, then for any
6>0

8 (fi +H)(2) C U (37fi(x,) + 3°f(x,) + 6B),

X, EU(fj.z.8)
where B is the unit ball in X and U(f, z,8) = {x|||x — z|| <&, | f(x) — f(z)|< 8}.
PrOOF. The proof of the lemma is based on the penalty function method
mentioned in the Introduction. If 9°( f, + f,)(z) = &, there is nothing to prove. So

assume that x* € 37( f; + f,)(z). Replacing f,(x) by f(x) — {(x*, x — z), if neces-
sary, we reduce the problem to the case x* = 0. We have, thus, to show that

(4.3) U (a—fl(xl) + a_fz(xz)) NéB+ 3.
X, €EU(f;.z2.8)

As follows from Lemma 1, the function ggz(x) = fi(x) + f,(x) + 8||x — z|| attains
a strict local minimum at z. We choose an € >0 in such a way that ¢ <§ and
gs(x) > g5(2), fi(x) = f(z) — 1/2 if ||x — z|]| <& x # z (which is possible since f;
are l.s.c.), and consider the function
2 2
pu, 0, x) = fi(u) + f(0) + (r/2)(|lu — x||” +lo — x|") + 8]x — 2.
Letu,, v,, x, besuch that ||u, — z|| < e, ||v, — z|| < & ||x, — z|| < e and
pu,, 0, x,) = min{p(u, v, x) |lu — 2z <&, o — z[| < |Ix — 2] <.
We have
2 2
£(2) + H(2) + rlu, = x )7 +lo, = %)) + 8llx, — 2|
2 2
@D <fiw) +hlo) + 1+ (e, = x )+l = x ) + 8, = 2]
:pr(ur’ Ur’ xr) + 1 Spr(z9 z, Z) + 1 :fl(z) +f2(2) + 1'
It follows that r(|u, — x,||*> + ||v, — x,||?) + 8|lx, — z]| < 1; in particular, the
sequences {u,}, {v,} and {x,} are bounded and we may assume that they converge
to some #, © and X such that ||Xx — z||<e¢, ||0 — z|]|<e and || — z|| <e. The

inequality above shows that X = u = v.
It follows from (4.4) (in view of the fact that p, is l.s.c.) that

85(%) = £i(X) + A(X) + 8% — 2| < fi(2) + fo((2) = g5(2)
which may be true only if x = z, due to the choice of €. Thus, x, = z, u, > z, v, > z
and (4.4) implies (as far as f, and f, are l.s.c.) that f(u,) = fi(2), fi(v,) = £,(2). In
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the rest of the proof we assume r so large that ||x, — z|| <&, ||lu, — z|| <e¢, |0, — z|| <
g |fi(u,) — fi(2)|< 8 and |f(v,) — £,(z)|< & so that, in particular, p, attains an
unconditional local minimum at («,, v,, x,).

If so then the Dini derivative of p, at (u,, v,, x,) is nonnegative for all values of its
argument. The latter is equivalent to the following inequalities where we have set
u* = -r(u, — x,) and v* = —r(v, — x,) (we recall that|| - || is the Euclidean norm):

dfi(u;u) = (uf,uy=0, Vu
d'fz(v,;v)—<v,*,u>>(), Vo,
w¥, x + (v¥, x)+ 8|x[|=0, Vx.

The first two relations show that u* € 97f,(u,) and v € 3°f,(v,) and the third
that ||u¥ + v*|| < §, thatis, that u* + v* € §B. Aslongas|u, — z|| < §,|lv, — z|| <6,
1fi(u,) — fi(2)|< & and | f,(v,) — f,(2)|< §, this completes the proof.

PrOOF OF THEOREM 4. For notational simplicity we denote Q; = dom(d' f,(z; -)).
Let L, be the linear hull of Q,. It follows from (4.1) that the relative interiors of Q,
and Q,, denoted by ri Q, and ri Q,, meet each other. Otherwise we could separate
the sets, which are convex cones according to [19], by a linear functional in
contradiction with (4.1). It is also clear that L, + L, = X.

Take an x* € 9,( f; + £,)(z) (for there is nothing to prove if 3,( f; + f,)(z) = D).
Then there are sequences {x,} and {x}} such that x, — z, x} - x* (f, + ,)(x,) —
(fi +L)z)and x¥ € 0°(f, + f,)(x,). By Lemma 3 there are u,, v,, u¥ and v} such
that f}x, — u,ll = 0, l|x, = v, > 0, fi(u,) = fi(x,) = 0, f(v,) = fy(x,) = O, u} €
37,(,), 0¥ € 37y(v,) and |lx} — u} — v}l = 0.

The theorem will be proved if we show that one of the sequences u} or v} is
bounded. Indeed, in this case the other is also bounded and for any accumulation
points u*, v* of the sequences we would have u* € 9, f|(z), v* € 9, f,(z). (We note
that f(x,) — f(z) because the sum converges and the functions are l.s.c.) We shall
also have u* + v* = x* and therefore x* € 9, f,(z) + 9, f,(2).

We shall prove that, say, the sequence u} is bounded if we show that for any
h € X there is a sequence of h, — h such that limsup(u?¥, h,) is finite. (Indeed,
assume the contrary: ||u}|| - oo. Let us set ¢, = u?*/||u}||, and let, for simplicity, 4 be
the limit of {g,}. (Otherwise we shall take a subsequence.) Then, for any sequence
h, — h, we have, setting vy, = ||k, — q,|| = 0.

Cups by = Cutsgu) + Cults by = q,) =l = vllugl - o)
In fact, this may be proved only forh € Q, U Q, (because L, + L, = X).
Let h € Q,. By Proposition 6 there is a sequence 4, — h such that

(4.5) limsup (u¥, h,)<limsupd f,(u,; h,) <d'f(z; h).

Likewise, for an h € Q, there is a sequence k), — h such that
lim sup (v¥, b, )<d'f,(z; h) < co.
Taking into account that u} + v} — x*, we see that
(4.6) linmi;nf (u¥, b, )= (x* h)—limsup {(v¥ h,)> —co.

n
n—oo
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Fixanh €1iQ, N1iQ,. If h € L,, then there is an ¢ > 0 such that h = eh € 0.
According to (4.5) and (4.6) there are sequences 4, — h and h’] — h + ¢h such that

e - limsup(u, h,)<limsup{u¥, k) — liminf{u*, h, )< oo,

no n’
where h, = e '(h], — h’}) - h. Likewise, for any h € L, we show in a similar way
that there is a sequence h), — h such that limsup(v}, A/ )< co. As above, this
implies that liminf(u}, k) > —co. Thus, given an h € L,, we can find a sequence

h!, = —h such that for h,, = —h, — h, we have

limsup(u¥, h, )= ~liminf{u*, b)) < co.

no n°

This completes the proof.

COROLLARY 4.1 (CF. [17]). Let f, and f, be proper convex functions such that
rildom f) N ri(dom f,) # @. Then for any z, 0( f; + f,)(z) C 3f,(2) + 3f;(2).

PROOF. Denote by L the linear hull of (dom f,) U (dom £,), and let M be the
orthogonal complement of L. If ¢ is a convex function whose domain belongs to L,
then dp(x) = d¢(x) + M for any x. This is true for f, f; and f, + f,. Therefore we
need to prove the corollary only the restrictions of f; and f, to L. This, in turn,
means that there is no loss of generality in assuming that L = X.

If so, then (4.1) follows from the assumption on relative interiors (because for a
convex function, the “arrow” directional derivative of Rockafellar coincides with the
closure of the directional derivative [19]). Finally, a convex function subdifferentia-
ble at a point is necessarily l.s.c. at the point and if the sum of two convex functions
is l.s.c. at a point, then both functions are also ls.c., so that there is ho loss of
generality in assuming the two functions lower semicontinuous. Thus, all we need is
to apply Theorem 4 and Proposition 5.

COROLLARY 4.2. Let Q, and Q, be closed subsets of X such that z € Q, N Q, and
(4.7) T(Q,.2) = T(Q;,2) = X.
Then N(Q, N Q,, z) C N(Q,, z) + N(Q,. 2).

PROOF. We set

0, ifx € Q,
oo, otherwise.

fi(x) = (0, x) = {

Then d' f,(z; h) is the indicator function of T(Q,, z) so that we can apply Theorem
4 to the indicator functions.

COROLLARY 4.3. Under the assumptions of Corollary 4.2, N(Q, N Q,,z) C
N('(Ql’ Z) + N('(Q?_’ Z).

ProOF. It follows from Corollary 4.2 and Theorem 2 that N(Q, N Q,, z) belongs
to the closure of N(Q,, z) + N(Q,, z) and we only need to show that the sum is a
closed set. But this follows from a general fact of finite dimensional convex analysis:
if convex cones K, and K, are such that ri K, N ri K, # @ (which is the case if
K, — K, = X), then (K, + K,)° = K + K3.
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COROLLARY 4.4. Let the functions f, and f, satisfy the assumptions of Theorem 4.
Then d,(f, + L(z) C0,.fi(z) +0.£(2).

PROOF. Denote by U the space of all triples (a, 8, x), a, 8 € R, x € X, and let
0,={u= (a,B,x)|a>f|(X)}, 0, = {u= (a,,B,x)I,3>f2(x)},
0= {u=(a,B,x)|a+B=f(x)+f(x)}.

Since f; and f, are ls.c,, the three sets are closed. It is obvious that O, N Q, C Q.
We denote u = (f|(z), /,(z), z). Thenu € Q, N Q, and, as one can easily verify

(4.8) T(Q, N Q,. @) C T(Q. 7).

We shall prove next that Q,, Q,, u satisfy (4.7). Take an arbitrary u = (a, 8, x) €
U. Since (4.1) is valid for f, and f,, there are h, € dom(d'f,(z; -)) such that
h, — h, = x. Then

U = (del(Z; hy), d' f,(z; hy) + B, hl) E T(Q,, ),
U, = (dth(Z; hy) = a,d' f(z; hy), hz) ET(0Q,,4)
andu, —u, = (a, B, by — hy) = u.
By virtue of (4.8) and Corollary 4.2,

(4.9) TX(Q,a) CN(Q,, u) + N(Q,, &).

It is obvious that

w0) N(Qy, i) = {(A,0,x*) | (A, x*) € N(epi £, (£(2). 2))}.
. Nc(QZ’ ﬁ) = {(O’ 7\’ X*) | (>\’ x*) € Nz(epl f2’ (fZ(Z)’ Z))}

Finally,

T2(Q, i) = {(A, X, x*) [ (X, x*) € N(epi f,(f(2), 2)))
(where we have set f = f, + f,). Indeed, by definition
T(Q,u) = {(a, B, h)|(a+ B, k) € T(epi f,(f(2).))}
and, on the other hand, the polar to the cone {(a, B8, ) |(a + B, h) € K} (where
KCRXX)is {(A, A, x*)| (A, x*) € K%,
Let x* € 3(f, + £,)(z). Then (-1,-1, x*) € T%(Q, &) and, as follows from (4.8)

and (4.9), there are x}, i = 1,2, such that (-1, x*) € N(epi f,( f(z), z)) and x* =
x¥ +x3. Q.ED.

COROLLARY 4.5. If the functions f, and f, are finite at z and satisfy the assumptions
of Theorem 4, then
o.(fiveNz)c U {xt+x3| (e x7) € Ny(epi £, (f(2), 2)), i = 1,2}
o, =0, a,=0
¢I1| +a22= 1
ProOF. Apply Corollary 4.2 to Q, = epi f, and Q, = epi f, having in mind that
epi( f, V f,) = (epi f;) N (epi f,) and (see the proof of the preceding corollary)
T(Q,,(f(2), 2)) = {(A, k) |[A=d" f(z; h)}.
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A stronger result for the maximum function will be proved in the next section in
the case when the functions f, and f, are Lipschitz near z.

COROLLARY 4.6. If, under the assumptions of the preceding corollary, 3, f(z) + &
and d.f,(z) # @, then
a(fiVhH)(z)C U (@9 £,(2) + azacfz(z))’

a,=0" . ay,=0"
atay,=1

where
09, f(x) = {x*|u* + 1x* €9,f(x), Vu* €9 f(x), Vi >0}.

ProoF. This time we apply Corollary 4.3 to Q, =epi f;, @, =epi f,. If x* €
9.(f; V £,)(2), then (-1, x*) € N(Q,0,,((f; V £,)(2), 2)) and (Corollary 4.3) there
are (-a;, u¥) € N(Q,,(f(z), z)) such that (-1, x*) = (-a,, uf) + (-a,, u%). It is
obvious that a; =0, i = 1,2. If, say, a«; >0, then we set x} = uf/a, so that
(-1, x¥) € N(Q,,(f(2), 2)) and x} € 3_f,(z) or, equivalently, u} € a3, f,(2). If
one of a,, say, a,, equals zero, then (0, u3) € N(Q,,( /,(2), z)) which is the same as
u¥ €0%9,£(z) in view of the fact that 3 f,(z) # @ and N(Q,,(f(2),2)) is a
convex cone. Q.E.D.

REMARK 4.1. Corollary 4.1 has been included to show that Theorem 4 is suffi-
ciently powerful to imply the strongest version of the corresponding theorem of
finite dimensional convex analysis [17, Theorem 16.4]. As to Theorem 4 itself and
other corollaries, they are new as well as the results to be proved in the next section.
We do not assume, any more, one of the functions Lipschitz (as in the first
announcement [8]) or even directionally Lipschitz (as in Rockafellar’s paper [18]
devoted to calculus of C.g.g.’s or in a forthcoming paper by Kruger [12] where a
version of approximate subdifferentials is cnsidered). As a matter of fact, neither of
the functions is even required to be continuous (or to have the arrow derivative
continuous at some point). But the latter is of course possible only in the finite
dimensional situation.

REMARK 4.2. It may seem natural to ask under what additional assumptions the
inclusions become equalities. A possible set of such assumptions may consist of
equalities d' f,(z; h) = d f(z; h) in the case of functions and T(Q,, z) = T(Q,, z)
in the case of sets (cf. [4, 18]). The proof of the inverses inclusions in this case is
almost trivial and follows from the obvious relations

d™(fi + £)(x; h) = d fi(xi k) + d"f(x; h),
T(Q, N Q,, x) C T(Q,, x) N T(Q,, x).
5. Approximate coderivatives and approximate subdifferentials of a composition.
Consider a set-valued map F from X into Y, let Graph F = {(x, y)|y € F(x)}

denote the graph of F, and letw € F(z).
DEFINITION 3. The set-valued map

y* = DFF(z,w)(y*) = {x* € X*| (x*, %) € N,(Graph F. (z.w)))

will be called the approximate coderivative of F at (z, w).
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We shall also consider the set-valued maps (see [1, 2])
y* > D*F(z,w)(y*) = {x* € X*|(x*,»*) € N(Graph F,(z,w))}
and
h - D F(z,w)(h) = {y|(h, y) € T(Graph F,(z,w))}

that will be called, respectively, Clarke’s coderivative and contingent derivative of F
at (z, w). For a single-valued F, we write D} F(z) instead of D}F(z, F(z)) etc.

THEOREM 5. Assume that:

(i) F is a continuous single-valued map from a neighborhood of z € X into Y;

(ii) g(y) is a lower semicontinuous function assuming a finite value at w = F(z);

(iii) dom(d" g(w; -)) — Ky = Y, where K is the projection of Clarke’s tangent cone
to Graph F at (z,w)onto Y.

Then for f(x) = (g o F)(x) = g(F(x)), we have

o,f(z)c U DrF(z)(y*) = D¥F(z) o 3,g(w).

y*E, g(w)

PRroOOF. For notational convenience we denote by A(x, y) the function on X X Y
equal to g(y); let u(x, y) denote the indicator function of the graph of F (i.e.
p(x, y) =0 if y = F(x) and p(x, y) = oo if y + F(x)). Finally, let ¢(x, y) =
A(x, y) + u(x, y). Then

o(x, y) = f(x), ify = F(x),
o(x,y) = =f(x), ify# F(x).

This means that d @((x, y);(h, v)) =d f(x; h) when y = F(x) or, equivalently,
that 97f(x) X {0} C 0 @(x, y) when y = F(x). The latter implies that 9, f(z) X {0}
C 9,9(z, w).

The function ¢(x, y) is the sum of two l.s.c. functions satisfying the condition of
Theorem 4 by virtue of (iii). Indeed,

d'N(z,w); (h,v)) =d"g(z; h), Vh, v,

so that dom d'A = X X dom d' g, while d' u is the indicator function of Clarke’s
tangent cone to Graph F at (z, w). For any given (x, y) € X X Y we can find (using
(iii)) a v’ € dom(d' g(w; -)) and (u”, v") € dom(d" u((z, w); +)) such that v’ — v”
=y. But (u,v’) € dom(d'A((z,w); -)) for any u, in prticular for u’ = x + u”.
Therefore we conclude that dom(d' A((z, w); -)) — dom(d" u((z, w); 1)) = X X Y.

By Theorem 4 9,¢(z,w) C 9,A(z,w) + 9,1(z, w). It is an easy matter to verify
that 9,A(z,w) = {0} X d,g(w), and d,u(z, w) is by definition the normal cone of
Clarke to Graph F at (z, w).

Thus, for any x* € d,f(z) there are y* € 9,g(w) and (u*, v*) €
N, (Graph F,(z,w)) such that (x*,0) = (0, y*) + (u*, v*). It follows that u* = x*,
v* = —y* and therefore (x*, -y*) € N,(Graph F,(z, w)) which is the same as x* €
D*F(z)(y*). QE.D.
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COROLLARY 5.1. Let Q C Y be a closed set and G a continuous map from a
neighborhood of z € X into Y such that w = G(z) € Q. We assume that T(Q,w) —
K, = Y where K is the projection of Clarke’s tangent cone to Graph F at (z, w) onto
Y.

Then for P = G™\(Q) = {x| G(x) = 0}, we have

N(P.z)c U DrG(z)(y*)
Y¥ENLQ.G(2)

and

N(P,z) C U D*G(z)(y*).
VFENLQ.G(2))
PROOF. The first inclusion follows from Theorem 5 if we set g(y) = 8(y, Q). We
can write the inclusion in the form

NP, z) X {0} C N,(GraphG, (z,w)) + {0} X N(Q,G(z))

that implies, due to Theorem 2, that N(P, z) X {0} belongs to the closure of the
sum
(5.1) N.(GraphG,(z,w)) + {0} X N(Q.G(z2)).

The second inclusion will be proved if we show that the sum is actually a closed
set. (Indeed, in this case any x* € N(P, z) can be represented as a sum (x*,0) =
(u*, v*) + (0, y*) where (u*, v*) € N(graphG,(z,w)) and y* € N(Q,w) so that
x* = u* v* = —y* and therefore x* € D*G(z)(y*).)

To prove that (5.1) is a closed set, we first note that

{0} X N(Q.w) = N(X X Q,(z,w))

(which is obvious) and that T(X X Q,(z,w)) = X X T(Q, w). The assumptions of
the corollary ensure that

T.(GraphG,(z,w)) = T(X X Q,(z,w)) = X X Y.

The proof that (5.1) is a closed set follows from here precisely as in the proof of
Corollary 4.3.

COROLLARY 5.2. Under the assumptions of the theorem,

d(goF)(z)c U DrF(z)(y*) = DrF(z)  3.8(F(z)).
Y*EJ.g(w)

PrOOF. We apply Corollary 5.1 to Q = epi g and G: (a, x) — (a, F(x)) (which is
a map from R X X into R X Y). Then P = epi(g o F) and the assumptions of
Corollary 5.1 are clearly satisfied.

It is an easy matter to verify that (A, x*) € D*G(a, x)(p, y*) if and only if A = p
and x* € DXF(x)(y*). By Corollary 5.1 for any x* such that (Ql, x*) €
Nepi f,(f(2), 2)) there is (B, y*) € N{epi g,(g(w), w)) (recall that g(w) = f(2))
such that (-1, x*) € D*G(f(z), z)(B, y*) so that 8 = -1 and x* € DX*F(z)(y*).
Q.E.D.

Certain results on set-valued maps relevant to Theorem 5 will be considered in the
next section while here we go on with single-valued compositions. There is another
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way to approach the notion of “approximate coderivative” in this case, namely, the
one connected with the set-valued map (cf. [7]) y* — 9,(y* o F)(z2).

PROPOSITION 8. Let F be a continuous single-valued map from a neighborhood of
zE€ XintoY. Then d,(y* o F)(z) C D}F(z)(y*) and the two sets coincide for all y* if
F is Lipschitz near z.

PrOOF (CF. [9)). If (h, v) € T(Graph F,(x, F(x))), then there are ¢,\O, h, = h
such that ¢;'(F(x + t,h,) — F(x)) - v. It follows that
d™(y* o F)(x; h) <liminfr;" ( y*, F(x + 1,h,) — F(x))= (y*,v)

so that
(5.2) d~(y* o F)(x; h) <inf{(y*, y)|(h, y) € T(Graph F,(x, F(x)))}.

On the other hand, if F is Lipschitz near z (and x is sufficiently close to z) and
t,\O, h, — h are such that

;' (y*, F(x + t,h,) = F(x)) - d (y* o F)(x; h),

then the sequence of ;'(F(x + t,h,) — F(x)) is bounded. For any accumulation
point v of the sequence we have (h, v) € T(Graph F,(x, F(x))) and (y* v)<
d~(y* o F)(x; v) so that (5.2) becomes equality.

The inequality (5.2) means that any x* € 07(y* o F)(x) satisfies

(x*,-y*) € T°(Graph F, (x, F(x)))

and the two inclusions are equivalent if F is Lipschitz near z. Thus, whenever x, — z
and x} — x* are such that x} € 9°(y* o F)(x,), we have (x,, F(x,)) = (z, F(z))
(since F is continuous) and (x*, -y*) € T°Graph F, (x,, F(x,))). Therefore,
(x*, - y*) € N,(Graph F, (z, F(z))).
Conversely, let F be Lipschitz with constant k, and let x, — z, x} — x*, y* - y*
be such that (x}, yy) € T(Graph F,(x,, F(x,))). Then x* € 3°(y} o F)(x,) and,

n

as follows from Lemma 3, there are u,,, u, — z and ¢, — 0 such that
xp €07(y* o F)(u,) + 3°((yy — y*) o F)(uy) +¢,B.
Inasmuch as F'is Lipschitz with constant k,
0~((yr —y*) o F)(u) Clyy — y*|B - {0}

and we conclude that x* € 9,(y* o F)(z). Q.E.D.
Combining Theorem 5 and Proposition 8, we obtain the following result.

COROLLARY 5.3. If, under the assumptions of Theorem 5, F is Lipschitz near z, then

dw(geF)z)c U 3,y o F)(2).

y*€9,8(F(z)
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COROLLARY 5.4. If, under the assumptions of Theorem 5, F is strictly differentiable
at z, then
0.(goF)z)c U F*(z)y* = F*(z) 2 3,8(F(2)),

y*e0,8(F(2)
where F'(z) is the derivative of F at z.

Corollary 5.4 is an immediate consequence of the theorem. Equally immediate
from Corollary 5.2 is the following result.

COROLLARY 5.5. Under the assumptions of Corollary 5.4
d(g° F)(z) C F*(z) »3.8(F(z)).

It is not clear, however, whether it is possible to replace approximate subdifferen-
tials by Clarke’s generalized gradients in Corollary 5.3. The reason is that such a
replacement would be obviously impossible in case of Proposition 8.

We note also that in Corollary 5.4 both sides of the inclusion coincide if F'(z) is
onto. The inverse inclusion can be established by a direct calculation (see also [16]).

We conclude the section by proving two simple theorems, one of which is also an
easy corollary from Theorem 5.

THEOREM 6. Assume that the functions f|(x) and f,(x) are Lipschitz near z and

fi(z) = f(z). Then
(i VHI2)C U () fy + oy fo)(2).

=0, a,=0
ata,=1
ProoF. This follows from Corollary 5.3 if we define F: X — R? by F(x) =
(fi(x), f,(x)) and take the function g on R? equal to the maximal of components:
g(§,, &,) = max{{,, &,}. This is a simple convex function whose subdifferential at
every point (§, £) is {(a), a,)|a; = 0,0, =0, a) + a, = 1}.
The same inclusion for Clarke’s generalized gradients can be obtained by applying
together Theorems 6 and 2.

THEOREM 7. Assume that the functions f, and f, are lower semicontinuous near z and
finite at z. Then 3,(f; N\ /,)(z) C 3, f(z) U 3, 1(2).

PrOOF. If, say, fi(x) = (f; N f,)(x), thend fi(x; h) =d (f, N\ f,)(x; h) for all h.
Thus 97(f, © f,)(x) belongs to either 37f(x) or 97f,(x). It remains to apply the
definition of approximate subdifferentials.

REMARK 5.1. As in the preceding section, the results we have proved here are new
including those for Clarke’s generalized gradients. In connection with the latter we
note that earlier formulae for the C.g.g. of a composition either were established
under the assumption that one of the functions is differentiable (as in [4, 18]) or
involved the convexification operation (as in [7, Proposition 9.14}).

Another new element is that certain results for approximate subdifferentials do
not have analogues for Clarke’s generalized gradients (such as Proposition 8,
Theorem 7 and, maybe, Corollary 5.3).
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6. Application to surjections and stability theorems. We start with the following
auxiliary result giving a necessary condition for a minimum in a simple minimization
problem. Applications to more complex optimization problems will be considered in
the next section.

PROPOSITION 9. Let f(x) be an l.s.c. function finite at z and S C X a closed set
containing z. If f attains at z a local minimum on S and if dom(d' f(z; -)) — T(S, z)
= X, then 0 € 0,f(z) + NS, z).

ProoF. Consider the function g(x) = f(x) + 8(x, S). (As usual, 8(x, S) is the
indicator function of S.) If f attains at z a local minimum on S, then g attains an
unconditional local minimum at z. In this case 0 € 97g(z) C 9,8(z) (because
d "g(z; h) is nonnegative). It remains to apply Theorem 4.

We shall use this proposition to prove a surjection criterion for set-valued maps.

THEOREM 8. Let F be a set-valued map with closed graph from X into Y, and let
w € F(z). We assume that there are ¢ >0 and A >0 such that ||x*|| = & when
x* € D¥F(x, y) y*) for some x, y and y* such that ||x — z|| <A, ||y — w|| < 2Ae and
ly*| = 1. Then for any 0 < a <X the image under F of the open a-ball around :z
contains the open ea-ball around w:

Uw,ea) C U F(x) = FU(z,a)).

[lx—zll<a

ProoF. The theorem follows from a similar result for Dini subdifferentials proved
in [9] but we shall give a direct independent proof based on Theorem 4 (via
Proposition 9).

Fix an a >0, « <A, and let ||y — w|| = £ < ea. We assume that contrary to the
statement, y & F(x) for any x such that || x — z|| < a. Consider the function f(x) =
p(y, F(x)) + k||x — z||, where p is the distance from y to F(x) and §/a < k <e. We
have f(z) <||ly — w|| < ka; f(x) = ka > f(2) if ||x — z|| = a. Insofar as the graph
of Fis closed, fis 1.s.c. Therefore there is u € X such that ||u — z|| < « and f attains
an unconditional local minimum at u.

Let ¢ € F(u) be such that ||y — g|| = p(y, F(u)). Then the function g(x, v) =
|ly — o|| + k||x — z|| attains a local minimum at (u, g) subject to the condition
(x, v) € Graph F.

The function g is Lipschitz and we can apply Proposition 9 to obtain the inclusion

0 €9,g(u,q) + N,(Graph F, (u, q)).

On the other hand, g is a convex function and the approximate subdifferential of g
coincides with its usual convex subdifferential (Proposition 5). Thus, taking into
account that y # g (because ||u — z|| < a and we have assumed that y & F(x) if
lx — z|| < a), we conclude that there are x*, y*, such that ||x¥| <k <e¢, ||y*| =1
and

(x*, y*) € N,(Graph F, (u, q))
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or, equivalently, x* € D}F(u, g)(-y*). But||x — z|| < A and

lg — wli<lly = wll+1ly — gl < ka + p(y, F(u))
<ka+ f(u) <ka+ f(z) <2ka<2Ae

and we arrive at a contradiction with the assumptions. Q.E.D.

COROLLARY 8.1. Let F be a set-valued map from X into Y with closed graph. Assume
that there is w € F(z) such that ||x*| >0 when x* € D}F(z,w)(y*) and y* # 0.
Then the image under F of any neighborhood of z contains a neighborhood of w.

If the assumptions of the theorem are satisfied, then the conclusion of the
corollary obviously follows from the theorem. Otherwise, there are sequences {x,},
{3}, (x2} and (¥} such that x, - z, y, € F(x,), y, = w, x% = 0, ||y = 1 and
x} € D¥F(x,, y,)(yr). Let y* be an accumulation point of the sequence { y;*}. Then
y* # 0 and, as follows from the upper semicontinuity property (1.1), (0, -y*) €
N(Graph F,(z,w)) or, equivalently, 0 € D}F(z,w)(y*) in contradiction with the
assumptions.

COROLLARY 8.2. Let F be a single-valued Lipschitz mapping from a neighbouhood of
z €EXinto Y. If0 € 9,(y* o F)(z) for any y* 0, then f is surjective near z, that is to
say, there is a neighborhood U about z such that for any x € U and any open set V
containing x the set F(V') contains a neighborhood of F(x).

PROOF. As follows from the proof of Corollary 8.1 (in view of Proposition 8)
0 & 9,(y* o F)(x) if y* # 0 and x is sufficiently close to z. We prove the corollary
by applying Corollary 8.1 to every such x.

In connection with the last corollary we note that a set-valued map satisfying the
assumptions of Theorem 8 may fail to have such a surjection property for it may
happen that F(x) does not meet a neighborhood of w for certain x arbitrarily close
to z. But if we require that F(z) be bounded and every w € F(z) satisfy the
assumption of Theorem 8§, then the surjection property for F will easily follow from
the theorem (or from Corollary 8.1).

COROLLARY 8.3. The following statement is true under the assumptions of Theorem
8: for any x such that ||x — z|| < A\ /2 we have

(6.1) o(x. FH(w)) < ¢, F(x)
where F~\(y) = {x|y € F(x)}.

PrOOF. Take an x such that || x — z|| < A/2. Then (since w € F(z)) p(x, F~'(w))
=y <A/2. We need to prove that p(w, F(x)) = ey. Assume the contrary. Then
there is v € F(x) such that ||w — v|| < ey.

We notice further that the A /2-neighborhood of x belongs to the A-ball around z
and the Ae-neighborhood of v belongs to the 2Ae-ball around w. Therefore the
conditions of Theorem 8 are fulfilled with z replaced by x, w by v and A by A /2. It
follows that w € F(u) for some u satisfying ||u — x|| < y so thaty = p(x, F}(w)) <
v. The contradiction proves the claim.
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COROLLARY 8.4. Let F be a single-valued map from X into Y which is Lipschitz near
z and S C X a closed set containing z. We set M = {x € S| F(x) = F(z))}. If there
are € >0 and X\ > 0 such that ||x* + u*|| = & whenever x* € 3,(y* o F)(x), u* €
NS, x), |ly*I=1,x € Sand||x — z|| <A, then

p(x, M) <el||F(x) = F(z)]|

for any x such that ||x — z|| < kA/2, where k = min{e/L, 1}, L being the Lipschitz
constant of F.

PRrROOF. We set

F(x), ifx€S,

G =
(x) . ifxées.

Then Graph G = (Graph F) N (S X Y). Since F'is Lipschitz, we can be sure that
T(Graph F,(x, F(x))) = T(S X Y,(x, F(x))) = XX Y

for any x sufficiently close to z (because the projection of 7.(Graph F,(x, F(x)))
onto X is all of X and TS X Y,(x, F(x))) = T(S, x) X Y). It follows, due to
Corollary 4.2, that

N,(GraphG, (x, F(x))) C N,(Graph F, (x, F(x))) + N,(S, x) X {0}.

In other words, any w* € D}G(x, F(x))(y*) (the inclusion implies that x € S) is a
sum w* = x* + u* where x* € D}F(x)(y*) and u* € N(S, x). If ||y*| =1 and
llx — z|| < kA/2 (which implies that ||x — z|| <A and ||F(x) — F(z)|| < 2Ae), then
|Iw*|| = & by the assumption, and applying Corollary 8.3 to G we complete the proof.

We observe finally that the same arguments as in the proof of Corollary 8.1 easily
apply to show that conclusions of Corollaries 8.3 and 8.4 with constants not
specified beforehand are valid under assumptions imposed only at the point in
question. In other words, the following is true.

COROLLARY 8.5. Let F be a set-valued map with closed graph, let w € F(z), and let
lx*| >0 if x* € DYF(z,w)(y*) for some y* # 0. Then there are ¢ >0 and A\ >0
such that the conclusion of Corollary 8.3 is valid.

Likewise, if F is a Lipschitz map from a neighborhood of z € X into Y, S C X is a
closed set containing z and 0 & 0,( y* o F)(z) for any nonzero y*, then there are ¢ > 0
and X > 0 such that the conclusion of Corollary 8.4 is valid.

The results of this section go back to a famous theorem of Ljusternik containing a
description of tangent spaces to level sets of smooth maps. We refer to [6] for
explanation and further references and also for the first results involving non-
smoothness and generalized gradients of Clarke. Theorem 8 is closely connected with
corresponding results of [2, 7, 9]; as a matter of fact, it follows from Theorem 11.9 of
[7].
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7. Application to optimization problems. Consider the following problem:
(7.1) minimize f(x) subject to 0 € F(x),
where f is a function on X and F a set-valued map from X into Y. We associate with
the problem the set-valued map G from X into R X Y defined by G(x) = {(a, y)|a
> f(x), y € F(x)}.

Assume that z is a local solution to (7.1), that is, f(x) = f(z) for any x sufficiently
close to z and such that 0 € F(x). This means that for no x (sufficiently close to z)
G(x) may contain a point (£,0) with £ < f(z) or, consequently, that the image under
G of no neighborhood of x may contain a neighborhood of ( f(z), 0).

This is one of the fundamental principles of the optimization theory. It follows
that G cannot meet the assumptions of Corollary 8.1 so that the following first order
necessary condition for an extremum in (7.10) is valid.

PROPOSITION 10. We assume that f is l.s.c. near z and the graph of F is closed. If z
is a local solution to (7.1), then there is a nonzero (X, y*) € R X Y* such that A\ <0
and

€ DxG(z,(f(2).0))(A, y*).
The inequality A <0 is due to the obvious fact that 8§ <0 for any element

(x*, B, y*) of the approximate normal cone to Graph G at any point (x, f(x), ).
As usual, more detailed results are available under additional assumptions.

PROPOSITION 11. We assume, in addition to Proposition 10, that f is Lipschitz near z.
Then there are A =0 and y* € Y* such that A + ||y*| >0 and 0 € A3, f(z) +
D} F(z,0)(y*).

PROOF. Consider the sets

0 = {(x,a,y) EXXRXY|(a,x) Eepif},
0,={(x,a,y) EXXRX Y|y € F(x)}.
Or, if we ignore the order of variables, we may use a more eloquent expression
O, =epi fXY, Q, = R X Graph F.

We have

(7.2) N.(Q:.(z, f(2),0y)) = Ny(epi f,(f(2), 2)) X {Oy.}
(where O, is the origin in Y etc.),

(7.3) N(Q,,(z, f(z),0y)) = {Og} X N,(Graph F,(z,0)),
(74) T(Q,.(z, f(2). Oy)) = T(epi f.(/(2). 2)) X ¥,
(7.5) T.(Q,.(z. f(2),0y)) = R X T(Graph F,(z,0)).

We notice also that GraphG = Q, N @, (where G is the same as in the preceding
proof).

The projection of T.(epi f,(f(z),z)) onto X is all of X since f is Lipschitz.
Together with (7.4) and (7.5) this implies that

T(Q:, (2, £(2),0)) = T.(Q,.(z, f(2).0)) = X X R X Y
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and therefore (see Corollary 4.2) that
(76) Na(Ql n QZ’(Z’ f(Z),O)) c Na(Ql’(Z’ f(z)’O)) + Na(Q2’(z’ f(Z),O))

By Proposition 10 there is a nonzero pair (A, y*) such that
(0,-A,—p*) € N,(Q, N Q,,(2, f(2),0)),
and (7.6), (7.2), (7.3) show that there is an x* such that
(_A’ x*) € Na(epl f’(f(z)’ Z)) and (—x*, "y*) € Na(Graph F’ (Z’O))

If A =0, then x* = 0 (since f is Lipschitz, see the proof of Theorem 2) and the
second inclusion gives 0 € D}F(z,0)(y*). If A > 0, then x* € Ad, f(z) and we have
0=x*—x*€MN,f(z) + D}F(z,0)(y*). QE.D.

It is almost as easy to derive from Proposition 10 a necessary condition for the
“standard” problem of mathematical programming;:

(7.7) minimize f( x)
subject to
f(x)<0, i=1,...m,
(7.8) f(x)=0, i=m+1,..,n,
x €S.

But we shall give an independent proof assuming all functions Lipschitz.
Let us consider the spaces X = R™*' X X and Y = R"*!, the mapping F: X — Y,
Flag,. sy x) = (fo(x) = @0 fo(X) = @y frnir (%), S X))
and the set
S = {(ao,...,am,x)la,-SO,i =0,....m;x € S} CX.

(We assume for simplicity that f(z) = 0.)

If z is a local solution to (7.7), (7.8), then F(S N U) does not contain a
neighborhood of the origin in Y for any neighborhood U C X of the point 7 =
(fo(2),-...£,(2), z). Corollary 8.5 says in this case that there is a nonzero y* € Y*
such that

(7.9) 0€d,(y*F)(z) + NS, 2).

If we denote the components of y* by A,...,A,, then (y* o F)(X) = 3 A fi(x) —
1, where 1 stands for the corresponding lin_ear functional on R™*! ie. 1:
(ag,---,a,) = ZAa,. On the other hand, N,(S, z) = Q X NS, z), where Q =
{(By>---,B,)|B;=0, i=0,....m; B, =0 if f(z) <0}. With this notation (7.9)
reads

0€ (1) X 3,(ZN;£)(2) + Q X NS, 2)

or, equivalently,
(7.10) 0€3,(ZN, [ )(z) + NS, z), 1€ 0.
The last inclusion means that
(7.11) A=0, i=0,...,m; Nf(z)=0, i=1,...,m.
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Thus, we have proved the following result.

PROPOSITION 12. We assume that the functions f,, i = 0,...,n, are Lipschitz near z
and S is a closed set containing z. If z is a local solution to (1.7), (7.8), then there are
Lagrange multipliers \;, i = 0,...,n, not all equal to zero and, such that the relations
(7.10) and (7.11) hold true.

Replacing in (7.10) 9, and N, by 9. and N_, we obtain a result uniting earlier
theorems of Clarke and Hiriart-Urruty (see [5]). Of course, this result follows from
Proposition 12 because approximate subdifferentials are never larger than C.g.g.’s.
Certain necessary conditions involving approximate subdifferentials can also be
found in [7, 13, 15].

8. Minimality properties.

THEOREM 9. Let F be a class of l.s.c. functions on X containing convex functions and
sums of its elements. Assume that a set df(x) C X* ( possibly empty) is associated with
every f € ¥ and every x € X in such a way that the following is true:

(i) 0 € 9f(x) if f attains a local minimum at x;

(i) 8f(x) = imsup, ., yuy—sx) 9f(u);

(iii) for a convex function 3f(x) is the usual convex subdifferential of f at x;

(iv) o( f + g)(x) C df(x) + dg(x), provided that g is convex continuous.

Then for any f € ¥ and any x € X, we have 9, f(x) C 9f(x).

ProOF. The proof is very simple. If x* € 9, f(x), then there are sequences x, and
x¥ such that x, » x, x} - x* f(x,) — f(x) and x} € 07f(x,). By Lemma 1, the
function g,(u) = f(u) + (1/n)||lu — x,|| — (x}, x — x,,) attains a local minimum at
x,. Then0 € 9g,(x,), by (i), and (iv) and (iii) imply that 0 € 3f(x,,) + (1/n)B — x}.
This is the same as x} € 9f(x,) + (1/n)B and, applying (ii), we see that x* € 3f(x).

The theorem implies the inclusion 9, f(x) C df(x) for convex ls.c. functions and
9, f(x) C 9, f(x) for Lipschitz functions.

The upper semicontinuity condition (ii) seems to be the most restrictive of the four
(the other three rather agree with any reasonable idea of a subdifferential). But we
need such a property in many situations. For instance, Corollaries 8.1 and 8.5
explicitly use it and Lagrangian-type necessary conditions are always based on
something like the corollaries. Also, we often need upper semicontinuity to prove
that a subdifferential is nonempty (as in (1.2)). (Dini subdifferentials which, in
general, are smaller than approximate subdifferentials do not have any upper
semicontinuity property. As a result, the relation 07f(x) # < may be not true for
them even if fis Lipschitz and no Lagrange multiplier rule can be stated in terms of
Dini subdifferentials. But they have the properties (1) and (i1).)

Thus, the condition must be present in one or another form. It can be weakened
as, say, in the corollary to follow but at the expense of another assumption which is,
however, more along the lines of the other three conditions of the theorem.



APPROXIMATE SUBDIFFERENTIALS AND APPLICATIONS 415

COROLLARY 9.1. Assume that with any finite dimensional space X, any l.s.c. function
fon X and any x € X a set 9f(x) C X* is associated in such a way that conditions (1),
(iii), and (iv) of Theorem 9 are satisfied together with the following two:

(ii") if f is Lipschitz near x, then 3f(x) = limsup,_, , 0f(u);

(v) 9f(x) = {x*| (=1, x*) € N(epi f,(f(x), x))} for any l.s.c function f and any x
such that | f(x)|< oo; here N(S, u) is the “normal cone” associated with f:

N(S,u)= U Nop(S, u) .
A>0

PrOOF. By Theorem 9, 9, f(x) C df(x) if fis Lipschitz near x. Therefore d,p(.S, u)
C 9p(S, u) and an application of Proposition 2 and Theorem 1 concludes the proof.

The corollary implies that 9, f(x) C 9, f(x) for any lower semicontinuous function
f. We note in this connection that in examples we know both sets differ only on
meager sets. This leads to the following problem that seems to be of an interest.

Problem 1. Is it true or not that d,f(x) and d,f(x) generically coincide if f is
Lipschitz?

If the answer to the question is positive, then we shall have to conclude that
approximate subdifferentials are still large enough, despite being minimal.

But there are some other indications that approximate subdifferentials are not as
small as we would like them to be. For instance, the function f(x) = x - sin(log| x |)
(which is Lipschitz) has the property that 0 € 9, f(0) but f(x) + €] x| does not attain
a local minimum at 0 if ¢ < y2. We infer from this example that the gap between
necessary and sufficient conditions in nonsmooth optimization cannot be closed to
such an extent as in the smooth theory. Another example: the inclusion in the
composition formula of Theorem 5 cannot be, in general, replaced by equality from
which we infer that Lagrangian-type necessary conditions in nonsmooth optimiza-
tion cannot be invariant with respect to Lipschitz transformations. All this suggests
the idea that, maybe, the class of Lipschitz functions is too large for certain
properties to be valid that, in turn, leads to the following problem.

Problem 2. Does there exist a subclass of Lipschitz functions containing continuously
differentiable and convex functions together with finite sums and upper and lower
bounds of its elements and having one (or all) of the following properties:

(@) if 0 € 9, f(2), then f(x) + ¢€||x — z|| attains a local minimum at z for any € > 0,

(b) the inclusion of Theorem S (or Theorem 4) holds as an equality;,

(c) if 8, f(x) = 9,8(x), then f(x) — g(x) = const?
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